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Abstract. Let Nkis) be a vertex operator algebra (VOA) asso- 
ciated to the generalized Verma module for an affinc Lie algebra 
of type or C^^^ . We construct a family of ideals Jm,n(fl) 

in Nk{g), and a family Kn,n(0) of corresponding quotient VOAs. 
These families include VOAs associated to the integrable represen- 
tations, and VOAs associated to the admissible representations at 
half-integer levels investigated in |Aj. We also explicitly identify 
the Zhu's algebras A{Vm.n{Q)) and find a connection between these 
Zhu's algebras and Weyl algebras. 



1. Introduction 



Let be the affine Lie algebra associated to the finite-dimensional 
simple Lie algebra g. Then on the generalized Verma module Nk{g), 
k E C, exists a natural structure of a vertex operator algebra (VOA) 
(cf. [^^, IMg, 0, [^). Moreover, every g-submodule / of 

Nkis) becomes an ideal in the VOA ^^(g), and on the quotient N^^q)/ I 
exists a structure of a VOA. Let NKq) be the maximal ideal in Nk{g). 
Then the quotient -^^(fl) = Nk{g,)/Nl{g) is a simple VOA. If k is an 
integer, then NKq) is generated by one singular vector (cf. ||K1|| , ||FZ]| ). 
The similar situation is in the case when k is an admissible rational 
number (cf. 0, pm| , [|FMi , [ |KWi ). 



In order to study annihilating ideals of highest weight representa- 
tions, it is very important to understand the ideal lattice of the VOA 
Afc(0). This problem was initiated [ [b'M| | . It is known fact that in the 
case = s/2 and 7^ — 2 , Nl{sl2{C)) is the unique ideal in the VOA 
Afc(s/2(C)). Different situation is in the case of critical level {k = — /i^, 
here denotes the dual Coxeter number). In this case there exists a 
very rich structure of ideals of V_/iv(g), which implies the existence of 



infinitely many non-isomorphic VOAs (cf. ||FFi)| ) . 

In the present paper we will introduce a family of VOAs which are 
quotients of the VOA Nkio) in the cases of affine Lie algebras 



and Cf'^ at integer and half-integer levels. This family includes VOAs 
associated to the admissible representations studied in 0. The basic 



2 



DRAZEN ADAMOVIC 



step in our construction is the construction of one infinite family of 
singular vectors in Nklo). As a consequence we get some new non-trivial 
ideals in VOAs Nkis). We also begin the study of the representation 
theory of these VOAs by identifying the corresponding Zhu's algebras 
explicitly. We demonstrate that the VOA Nk^s) for /c e N can have a 
nontrivial quotient which has infinitely many irreducible modules from 
the category O. These representations are parameterized with certain 
algebraic curves. 



2. Vertex operator algebra Nkis) 

Let g be a finite-dimensional simple Lie algebra over C and let (-, ■) 
be a nondegenerate symmetric bilinear form on g. Let g = n_ + + n+ 
be a triangular decomposition for g. Let 9 be the highest root for g, 
end eg the corresponding root vector. Define p as usual. The afiine Lie 
algebra g associated with g is defined as g ® C[t, t~^] © Cc © Cd, where 
c is the canonical central element |P:<.1|| and the Lie algebra structure is 



given by 

[x ® r, y ® t™] = [x, y] © r+™ + n{x, y)6n+m,oc, 

[d, X © t"] = nx © 

for X, ?/ G g. We will write x{n) for x © t". 

The Cartan subalgebra ^ and subalgebras g+, n_ of g are defined by 

^ = f]©Cc©Crf, g± = g©t^^C[t^^]. 

Let P = g©C[t] ©Cc©C(i be upper parabolic subalgebra. For every 
k E C, k ^ —h^, let Ci;^ be 1-dimensional P-module such that the 
subalgebra g © C[t] + Crf acts trivially, and the central element c acts 
as multiplication with /c G C. Define the generalized Verma module 
A^fc(g) as 

iVfc(g) = U{q) ®u{p) 'Cvk. 
Then Njs{g) has a natural structure of a vertex operator algebra (VOA). 
Vacuum vector is 1 = 1 © f fc. 

Recall that there is one-to-one correspondence between irreducible 
modules of the VOA V and the irreducible modules for the correspond- 
ing Zhu's algebra A{V) (cf. 0, [0). The Zhu's algebra of the VOA 



iVfc(g) is isomorphic to f/(g) (cf. fF^). Let F : t/(g_) ^ f/(g) be the 
projection map defined with 

F{ai{-ii -!)■■■ an{-in - 1)) = (-l)^^+'''^"a„a„_i ■ ■ ■ ai, 

for every ai, . . . , a„ G g, ii, . . . ,in G Z_|_, n G N. Assume that J is 
an ideal in the VOA A''fc(g). Let {F{J)) be a two-sided ideal of t/(g) 
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generated by the set {F{w)\ w G f/(0_), wl G J}. Then the Zhu's 

J 



algebra of the quotient VOA ^^^J^^ is isomorphic to the quotient algebra 



{nj)) 



(for more details see [FZ|). 



3. Lie algebras sp2e{C) and sle{C) 

Consider now two £-dimensional vector spaces Ai = Yli=i ^^^iy ^2 = 
Yll=i Ca*. Let A = A1 + A2. The Weyl algebra W{A) is the associative 
algebra over C generated by A and relations 

[ai, aj] = [a*, a*] = 0, [a^, a*] = 6ij, i,j G {1,2,..., i}. 

Define the normal ordering on A by 

■ xy: = ^{xy + yx) x,y e A. 

Then (cf. Q and |[FF|| ) all such elements : xy : span a Lie algebra 
isomorphic to g = sp2e{C) with a Cartan subalgebra () spanned by 

hi = — : aia* : i = 1,2, £. 

Let {e, I 1 < 2 < ^} C \)* be the dual basis such that ei{hj) = 6ij. The 
root system of q is given by 

A = {±{e,±ej),±2ei \ l<t,3<i,t<j} 

with «! = ei — 62, ae-i = e^_i — ee, ae = 2e^ being a set of simple 
roots. The highest root is ^ = 2ei. We fix the root vectors : 

^ei-ej = -aitt*:, X^.+^. = -.aiaj-., X_(e,+e^.) = :a*a*: . 

Assume that i > 2. Then the simple Lie algebra s/^(C) is a Lie subal- 
gebra 01 of generated by the set 

{Xe,-e, = l,...,i;i^ ]}. 
The Cartan subalgebra ()i is spanned by 

{hi-hj = l,...,i;i^j}. 

From the above construction we conclude that there are non-zero 
homomorphisms 

$ : f/(0) ^ W{A), $1 = ^ui,,) : f/(0i) ^ W{A). 
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4. Ideals in the VOA Nk{sp2i{C)) 

In this section let g = sp2£{C). We will present one construction of 
singular vectors in Nk{g,) for integer and half- integer values of k. We 
will use the notation as in the Section ^. This construction generalizes 
the construction of singular vectors at half-integer levels from 0. For 
m G N, m < £ we define matrices Cm and Cm(— 1) by 





X2ei 


Xei+e2 ■ 










c — 


Xei+e2 


X2e2 






























X2e,^ . 










-1) ^eH 


-e2 


i-l) ... 




(-1)1 




Xei+€2 


-1) ^2. 


.( 


-1) •■■ 




(-1) 














(-1) 






-^2e„( 


-1) . 



As usual let (resp. C^^(— 1)) be (m — 1) x (m — 1) matrix obtained 
by deleting i*'^ row and j*'^ column of matrix Cm (resp. Cm(— 1)). 
Define next 

Am(-1)= det(Cm(-l))= ^ (-l)'^S^('^)n^^-+M.,(-l)' 

m 

Am= det(CJ= 5^ (-l)'^SnW-Qx,^^^^^^,. 
Set Aj;^(-1) = det(C^^(-l)). 

By using the definition and the properties of determinants, one sees 
the following lemma. 

Lemma 4.1. 

(1) [X,,^,Am(-l)] = 0/orz = !,...,£. 

(2) [X,,^_,^,(0), A„(-l)] =Ofort,j = l,...,m, i^j. 
(3) 

[X_2e,(l), Am(-l)] = - (2(m - 1) + 4(c - /ii)) (A^^(-l)) + / 
where 

Theorem 4.1. For every m,n & N, m < i, set km,n = n — Then 
(Am(— 1))"1 is a singular vector in A^fc„,„(fl). 
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Proof. From Lemma [4.1| directly follows that 

X„^(0)(A„(-1))"1 = 0, for z = !,...,£. 

Again using Lemma we get 

X_e(l)(A„(-l))"l = X_2,,(l)(A^(-l)ri = 
= -4n(c - A;„,„)(A^i(-l))(A,„(-l))"-il = 0, 

which proves the theorem. □ 
Define the ideal Jm,n(fl) in the VOA A^a;„_„(b) with 

Let 

Vm.n[3) 



be the quotient VOA. 

Remark 4.1. For m = 1 Theorem ^?T] gives the known fact that 
X2eT^{—iyi is a singular vector in A^s_i(fl). Moreover, this vector gen- 
erates the submodule Ji.s(g) which coincides with the maximal sub- 
module of Ns_i{q). 

For m = 2 Theorem [4.1| reconstructs the result from @, Theorem 



3.1, that 

(X2,,(-l)X2,,(-l)-X,,+,,(-l)2)^l 

is a singular vector in Xg_|(0). Again, the corresponding submodule 
-^2,s(fl) is the maximal submodule of N^_^{q). 

Assume that mi ^ n\ ^ n and kmi,ni = km,n- This implies 
that (Am^(— 1))"^! and (Am(— 1))"1 are different singular vectors in 
n (fl) ■ Then using Theorem [4.1| and Remark [4.1| we get the following 



corollary on the structure of the maximal submodule of Nk{2) 

Corollary 4.1. Assume that £, s G N and i > 3. The maximal sub- 
module Ji^sio) of Ns-i{g) is reducible. If i > 4: then the maximal sub- 
module J2,s{b) of Ng_3{Q) is reducible. 

The following result will identify the Zhu's algebra of the VOA 



Theorem 4.2. 

(1) The Zhu's algebra A{Vm,n{d)) is isomorphic to j^^^Y), where ((Am)") 
is a two-sided ideal in U{s) generated by the vector (Am)". 
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(2) For m > 2, there is a nontrivial homomorphism 

In particular, if tt : End{M) is any nontrivial W {A) -module 

then TT o $ is a module for the Zhu's algebra A(ym,n{Q)) ■ 

Proof. The proof of the statement (1) follows from the fact that 
the projection map F maps (Am(— 1))" to (Am)"- 

In order to prove (2), we consider the (non-trivial) homomorphism 
$ : f/(g) — s> defined in Section |^. For m > 2 we have 



$(A^) = det 



2 

0-102 O2 ' ' ' CL2^m 



2 

_ 0\Ofn ■ ■ ■ ■ ■ ■ O^ 



and <l>((Am)") = 0, which implies that there is a nontrivial homomor- 
phism $ : A{V^^^{q)) ^ W{A). □ 

Remark 4.2. Since the Weyl algebra has a rich structure of 

irreducible representations, Theorem [4.2| implies that for m > 2, the 
Zhu's algebra A(Kra,n(0)) has infinitely many irreducible representa- 
tions, and therefore the VOA Kn,n(fl) has infinitely many irreducible 
representations. 

One very interesting question is the classification of irreducible mod- 
ules in the category O. In the case m = 2 irreducible representations in 
the category O of the VOA V2,n(0) were classified in It was proved 
that any V2,n^module from the category O is completely reducible. 

Remark 4.3. An beutiful application of the theory of vertex operator 



algebras to integrable highest weight modules was made in ||MP|| . It 
was proved that any singular vector in the VOA Nk{g) corresponds to 
a loop 0-module acting on highest weight representations of level k. 
As a consequence of our construction in present paper, we get a new 
family of such loop-modules. Let Rm,n = f^(fl)(Am(— be the top 
level of the ideal Jm,n{3)- It is clear that Rm,n is an irreducible finite- 
dimensional fl-module with the highest weight 2nujm (here ui, . . . ,u!£ 
denote the fundamental weights for q). Then Rm,n = Rm,n ® C[t,t~^] 
is a loop module which acts on highest weight representations of level 



k = km,n (for definitions see ||MP|| ) . Loop modules Rm,n for rn = 1 



were constructed in ||MP|| , and for m = 2 in @. The results of the 
next section will also provide new examples of loop modules acting 
on integer level highest weight representations in the case of affine Lie 
algebra A^}^. We should also mention that these new loop modules are 
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"bigger" than the loop modules which characterize integrable highest 
weight modules. 



Example 4.1. Let g = spe{C). Set R = i?3,i = f/(0).A3,i. Then R 
is a finite-dimensional irreducible g-module with the highest weight 
2c(j3. Using the similar arguments to those in 0, ||AM]| and [ MP 



one 



gets that an irreducible highest weight g-module V{X) with the highest 
weight A is a module for the Zhu's algebra A{V3^i{g)) if and only if 

RqVx = 0, 

where vx is the highest weight vector, and Rq is the zero-weight sub- 
space of R. Moreover, for every u & Rq, there is a unique polynomial 
Pu € f/(f)) such that uvx = Pu{h)vx- Since dimi?o = 4, we get that the 
irreducible highest weight yl(V3^i)-modules are parameterized with the 
zeros of four polynomials Pi{h), P2{h), Ps^h), p^ih). Using the similar 
considerations to those in [^, Section 5, we get that these polynomials 
are 

/i2, /ia) = (^1 + 1)(^2 + 
P2{hi, h2, h^) = {hi + l)(4/i3 + (/i2 + h^){h2 + h - 1)), 
Psih, h2, hs) = /i3(4(/i2 + 1) + {hi + h2 + 2){hi + /i2 - 1)), 
p^{hi, h2, h^) = Ahs{h2 + 1) + {hi + hs- l){h2 + h^ + h2{hi + h^)). 

Now, it is easy to find the zeros of these polynomials. The classification 
of irreducible modules follows from the Zhu's algebra theory. Finally, 
we obtain the following complete list of irreducible modules from the 
category O: 

{L{{-x - l)Ao + xAi)\x G C} U {L{{-x - l)Ai + xA2)\x G C} U 
U{L((-x - 1)A2 + xAs)\x G C} U 

U{L(-2Ao + A2), L{Ai - 2A3), L{-^Ao - ^Ag), L{-ho + A2 - ^A,) 

3 13 3 

L(--Ao + Ai - -A3), L(--Ao + Ai + A2 - -A3)}. 

It is also important to see that the irreducible modules are parameter- 
ized with a union of one finite set and a union of three lines in C^. 

We also notice that every module for the Zhu's algebra A{V3^i{g)) is 
also a module for the Zhu's algebra v4(V3,„(0)) for every n G N. In this 
way the previous arguments give that for every tt, G N the VOA A{V3^n) 
has uncountably many irreducible modules from the category O. 
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5. Ideals in the VOA Nk{sk{C)) 

In this section let g = sle{C). We will present one construction 
of singular vectors in Nk{Q) for integer values of k. The proofs will be 
omitted since they are completely analogous to the proofs from Section 

s 

As before, we will use the notation from Section ^ For m G N, 
2m < i we define matrices Am and Am{—1) by 



X, 



ei-ee 



X, 
X. 



X, 
X, 



ei-€i_ 



e2-ei_ 



and 



v4^(-l) 



X, 
X. 



-1) 

-1) 



X, 
X. 



£2 — <:£-! ^ 



-1) 



m — m+1 



A, 
X. 



e2-ei_ 



X, 



-1) 



Let = det(A„) and A„(-l) = det(A^(-l)). 



Theorem 5.1. For every m, n G N, 2m < set km,n = n — m. Then 
(Am(— is a singular vector in Nk^^^^Q). 

Define the ideal Jm,n(fl) in the VOA A^fc™.„(fl) with 

Jm,„(0) = f/(fl)(A„(-l))"l. 

Let Vmnis) = ^^^^^i^ be the quotient VOA. 

Remark 5.1. For m = 1 Theorem |5.1| gives the known fact that 
Xei_e^(— l)''l is a singular vector in X_i(g). Moreover, this vector 
generates the submodule Jisis) which is the maximal submodule of 
iVs-i(fl). 

We have: 

Corollary 5.1. Assume that £, s G N, £ > 4. Then the maximal sub- 
module Ji,s{b) of Ns^i{g) is reducible. 

Similarly as in Section | we can explicitly identify Zhu's algebras 
A(ym,n{0)) and find a connection with the Weyl algebra 



Theorem 5.2. 
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(1) The Zhu's algebra A{Vm,n{3)) is isomorphic to the quotient algebra 

where ((Am)") is a two-sided ideal in U{g) generated by (Am)". 

(2) For m > 2, there is a nontrivial homomorphism 

In particular, every module for Weyl algebra W{A) can be lifted to a 
module for the Zhu's algebra ^(Kn,n(0))- 
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